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O-i' Abstract 

D 

We extend the BFSS matrix theory by means of Lie 3-algebra. The extended 
>^ model possesses the same supersymmetry as the original BFSS matrix theory, and 

(•~^ , thus as the infinite momentum frame limit of M-theory. We study dynamics of the 

cn \ model by choosing the minimal Lie 3-algebra that includes u(N) algebra. We can 

solve a constraint in the minimal model and obtain two phases. In one phase, the 
^^ . model reduces to the original matrix model. In another phase, it reduces to a simple 

f^ \ super symmetric model. 
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1 Introduction 

The BFSS matrix theory [1] is a promising matrix model for the infinite momentum frame 
(IMF) hmit of M-theory. This model owns the same space-time supersymmetry as the IMF 
limit of M-theory. The existence of graviton is demanded by the thirty-two supercharges 
that generate the Af = 1 supersymmetry in eleven dimensions. 

In spite of the fact that this matrix model is known to describe some dynamics in M- 
theory, it is hard to analyze the model owing to its many interactions. Many ideas are 
necessary to study M-theory. Extending the matrix model is one reasonable way to obtain 
new ideas to study not only M-theory but the original BFSS matrix theory. 

Recently, 3-algebraic symmetries were found in multiple M2-brane effective actions [2]-|8] 
U and 3-algebras have been intensively studied [91437]. Originally, the bosonic part of the 
membrane action has a 3-algebraic symmetry. That is, it can be written in the symmetry 
manifest form as S = Tm2 J d^cr^/g (-y^{^{X^,X^^^ ,X^}f + A) where {, , } denotes 
Nambu-Poisson bracket [38139]. Therefore, one can expect that 3-algebraic symmetry plays 
important roles in M-theorjo [iOl - IH] . 

In this paper, we make an extension of the BFSS matrix theory. "Extention" implies 
that the model owns a 3-algebraic structure that includes a Lie-algebraic structure. The 
model allows any 3-algebra whose triple product is totally antisymmetric. Such 3-algebra is 
so-called Lie 3-algebra. It owns the same supersymmetry as the BFSS matrix theory, that 
is, the same supersymmetry as the IMF limit of M-theory. Therefore, gravitons exist in the 
extended model. 

We also investigate dynamics of the model by choosing the minimal Lie 3-algebra that 
includes u{N) algebra. In the minimal model, we can solve a constraint and obtain two 
phases. In one phase, the model reduces to the original BFSS matrix theory. In another 
phase, the model reduces to a simple supersymmetric model, which is easier to analyze. 

The rest of this paper is organized as follows. In section 2, we review on Lie 3-algebra. 
In section 3, we construct an extended BFSS matrix theory that allows any Lie 3-algebra. 
The algebra of the supersymmetry closes on-shell. In section 4, we study the model with 
the minimal Lie 3-algebra that includes u{N). In section 5, we study a phase structure of 
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the model. In section 6, we make a conclusion and discusssions. 



2 Lie 3-algebra 

Lorentzian Lie 3-algebra includes Lie-algebra. In this section, we review on this algebra. 
Lie 3-algebra is expressed by three-brackets, 

[T^,T^,r^] = /^^^^T^, (2.1) 

where f^^'^ ^ are structure constants. The bracket is totally antisymmetric. The gauge 
transformation is given by 

5X = Aab[T'',T'',X]. (2.2) 

An inverse of a metric is given by symmetric products, 

gAB ^^ rj.Aj.B > (2.3) 

and indices A,B,--- are raised and lowered by g^^ and g^B- For gauge covariance, the 
algebra must satisfy the gauge invariance of the metric and the fundamental identity. Gauge 
invariance of the metric implies that 

pABCD ^ _ rABDC (2 A) 

Thus, indices of f^^'^^ are totally anti-symmetric. The fundamental identity, which is an 
analogue of Jacobi identity is given by 

5[X, y, Z] = [6X, Y, Z] + [X, SY, Z] + [X, Y, SZ]. (2.5) 

This is expressed in terms of the structure constants as 

rCDE pABFG _ rABC rFDEG , nABD rCFEG , rABE eCDFG /q a\ 

In addition, Lorentzian Lie 3-algebra owns a maximally isotropic center: Generators are 
given by T", T" and T^ where T" are elements of the center. Non-zero components of a 
metric are given by g^^^ = —Sa/s and positive definite metric gij. 



Finite-dimensional indecomposable metric Lie 3-algebras with maximally isotropic center 
are categorised in ^U\. The vector space is defined by 

_R K L 

y = 0(Mr"©Mr")©0w^,© 0^,0^0, (2.7) 

a=l s=l 71=1 

where each Wg stands for a vector space of a Lie algebra. E^^ and Eq are positive definite 
vector spaces with dim E.,^ =2 and dim Eq ^ (g). The elements T", T", T^''{g Wg), 
T°-^[e Ej,) and TP{e Eq) satisfy the following algebra, 

\rpia rrijs rpks^ __ fisjsks^ rpa 

I'-pa-,! J^a rji/Bi __ jafi a^r rpb.„ 
\^rpa rpa-^ T^b-Trl ^ ja aT^b-^ rjnjS 
In^ce rpfi T^71 lC<^Pl 'T'P _|_ T "/^7 T^5 

[T^ ,T'' ,T^] = K"""^ ^T\ (2.8) 

where J"'^ = tj^C,^ — VnCw- Vn^ C" ^^^ '^s ^^^ arbitrary constant vectors and L"^"'^ is an 
arbitrary constant totally antisymmetric tensor. K°'^'^ is totally antisymmetric in a, (3 and 
7 and satisfies 

fl"''"/^ are structure constants of simple Lie-algebras and e"'^''"' are antisymmetric tensors 
in two-dimensional vector spaces. Non-zero metrics are given by g^j^ = —5ap and positive 
definite metrics gi^j^, Qa^b^ and Qpg. 

An infinite-dimensional Lorentzian Lie 3-algebra associated with Kac- Moody algebra was 
studied in [29] . 

3 Extended BFSS Matrix Theory 

In this section, we extend the BFSS matrix theory to a Lie 3-algebraic model. We consider 
a scalar $, S0(9) vector X"- (a = 1, ■ ■ -9) and S0(l,9) Majorana-Weyl fermion 9 spanned 
by Lie 3-algebra. The Weyl condition is given by 

riO0 = _0 (3 1) 



A covariant derivative in a Lie 3-algebraic gauge theory in one dimension is defined as p]-!l] 

D^X = doX - zaoAB[r^,r^,X], (3.2) 

where oqab is a gauge field in one dimension. The gauge transformation is given by 

SX = A^,[T'',T\X] 

6A^^ = -z(aoA^ - ^{A^A^% ' A^a<c)) (3-3) 

where <^ = aoc^/^^^A and A^^ = A^i,/^^^^. 

We extend the dynamical supertransformation of the BFSS matrix theory as follows, 

6X"^ = lEVQ 

6Q = i-DoXaT^'^ + '-[<^,Xa,X,]T-''), (3.4) 

where a, b run from 1 to 9. We consider a theory in which $ is covariantly constant, 

Do$ = 0. (3.5) 

This condition is necessary for closure of the supersymmetry algebra. This condition is 
consistent with the supertransformation, namely 

(5Do$ = 0. (3.6) 

From this transformation, we obtain a supersymmetry algebra, 

(52^1 - 6i62)<^ = 

{6261 - diS2)X'' = -2iE2T'^E^DoX'' + 2E2T'E^[<!>,Xh,X''] 
{626, - 6,62) A^ A = -i{d,~k\ - t{A^,jA% - A^^<^)) 
{8281 - 8182)^ = -2iE2T^E^Doe + 2E2T'E^[<^, X^, 6] 

+ {lE2T,E,r^ - ^E2T,,...,,E,r^--^'){ir'DoQ + [<^,r''Q,,Q]){3.7) 

o it) 

where Aa_b = E2T°'Ei{^AXaB—XaA^B)- This algebra closes among the supertransformation, 
translation and gauge transformation on-shell if we take 

zr^DoG + [$, r''0b, 6] = (3.8) 



as an equation of motion of the fermion. By transforming this, we obtain a part of equations 
of motion of bosons. 

Do'x" + [$, Xb, [$, x", X"]] - ^[<i>, er°, e] = o (3.9) 

t[<i>, Xa, z^o^i - ^[$, er°, e] = (3.10) 

One can show that an action 

s = j dT< ]^{D,x-Y + ^[$,x,,Xfe]2 - ^er°Doe - ^e[$,rx,,e] > (3.11) 

with a constraint fl3.5p is invariant under fl3.4p . One can also reproduce the equations of 
motion of fl3.8p and X" (13.90 . The equation of motion of the gauge field is given by 

i[o, D,x\ Xa] + ^[o, e, r^e] = o, (3.12) 

where O is an arbitrary field. If we take $ as O, fl3.10p is reproduced. 

Because the kinetic term —d^X'^doXaa has wrong sign, there are ghosts in this action. 
Thus, we introduce an additional shift symmetry and gauge away X? and G^. Such a 
prescription is given in [58]. The action ( 13. lip has a global shift symmetry of the center 
field, 

5< = K 

8Q^ = i^. (3.13) 

In order to make it to a local symmetry, we introduce new fields, SO (9) vectors C^ and 
S0(l,9) Majorana Weyl fermions Xa- The unitary action is given by 

+eo.Xs. + (aoX^)Q^ (3.14) 



with (13. 5p . This action is invariant under the additional local shift symmetry. 

Ax" = A" 

<^0« = ia 

5Cl = doK 

5xa = -tT''doia. (3.15) 



The dynamical supertransforination under which (13.141) with (13 .Sp is invariant is given 
by dSaD and 

6xa = -tdoC^^T-E. (3.16) 

From this transformation, we obtain 
{8261 - SA)^ = 

{626^ - 6i62)ao = -tDo{2E2T'^E,^{<^Xa - X,$)) 

{5261 - 6162)0 = -2iE2T^EiDqQ + 2^2r'£;i[$,Xfe, e] 

+{Ie2T^e^t^ - 4^2^^,...M5^l^'^"■■'^^)(^^°Doe + [$, r^e^, e] + x^r^) 

o ib 



-E2V^E^V' - -E2T,,...,,E,r'''-^'^)x^T' 



,7 ^ 1 ^ 

16 
(52^1 - 6,62)0^^ = doi-2tE,T^E2C^^ 



{626, - 6,62)x^ = -^T''^o{16E2ToE^T\^). (3.17) 

The algebra closes among the supertransformation, the translation and the gauge transfor- 
mations on-shell. 

This model also has kinematical supersymmetry, 



The algebra is given by 



and 



6Q = E (3.18) 



(52^1 - ^152)$ = 

{62~6i - ~6i62)X^' = 

C626, - 6162)0 = (3.19) 



(6261 - 51^2)$ = 

(52^1 - 5l52)X*^ = lE,T'^E2 

{6261 - 6162)0 = 0. (3.20) 
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This supersymmetry algebra (I3.17p . (13.191) and (I3.20p is consistent with that of M-theory 
as in the same way as the BFSS matrix model 



{Q,Q'^} = -2V2P+ 

{Q,Q^} = 2y/2P- (3.21) 



By using the additional shift symmetry (13.151) . we can fix the gauge, 

e^ = 0. (3.22) 

As a result, we obtain a ghost free theory ( 13.141) with (13. 5p and (13.221) . 

4 Minimal Model 

In this section, we study the unitary model in the previous section with the minimal 
Lorentzian Lie 3-algebra that includes u{N) algebra. Non-zero structure constants are given 
by 

where At" is an arbitrary vector and f\ are structure constants of u{N) algebra. The other 
jABCD g^j,g 2ero except for the antisymmetrized above form. Non-zero components of the 
metric are given by 

9ij = hij, (4.2) 

where hij is Cartan metric of the Lie algebra. Then, non-zero commutators are given by 

[T\ T\ T''] = -P'^K^T'^. (4.3) 

As one can see from the above algebra, the Lorentzian direction is essentially one-dimensional. 
Thus in the following, we only consider the case k" is a one-dimensional vector. We denote 
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a as and a as — and choose k" = 1. To summarize, the non-zero algebra is given by 

[T\T\T^] = [T\T^] = f\T^ 

[T\T^,T''] = P'^T-, (4.4) 

where [T\T^ is the Lie bracket. Non-zero components of the metric are given by 

^_o = -1, gij = hij. (4.5) 

The covariant derivative in the Lie-algebra manifest form is given by 

DqX = doX -i[ao,X]- ia'XiT-, (4.6) 

where oq = 2aooj7'* and a * = aQjkf^^^- The explicit form of the action (I3.14p with (I3.22p is 
given by 



S 



drLi^-iD.X'^f + \{%f[X\X'f + \{X^,f[^,X'f - \{X-,[X^My 



+^oX^[Xa^X,][X\^ 

-^0r°Do0 - i<l>oe^4x^e] + ^Xo"er„[<i>,e] - ^er,eo[$,xT + ^eo^,<l>[x^0] 

+eoX + aoXo^CoA (4.7) 

where u{N) covariant derivative is defined as 

DqX'' = dX''-i[hQ,x'']. (4.8) 

DqQ and D^^ are defined as in the same way. 

Because T^ component of the constraint (13. 5 p is given by 

ao$o = 0, (4.9) 

we can treat $o as an order parameter. In this section, we consider $o 7^ phase. 

Let us consider gauge symmetry of the action. The 3-algebra manifest form is given by 

5X^ = Kp,f^iXs, (4.10) 



where X stands for any field, such as X'^ , $ and 0. The Lie algebra manifest form is given 
by 

5Xo = 

dX, = A^'^\X, + A^^Xo, (4.11) 

where A ^ = 2Aojf-' ^ and A^^ = Aj^/-' ^ are independent gauge parameters. A*^^) 
parametrizes the u(N) gauge transformation, whereas A*-^-* parametrizes a shift transfor- 
mation. In $0 7^ phase, by using the shift symmetry, we can fix the gauge 

$. = 0. (4.12) 

In this gauge, Dq^ = can be solved as follows 

do% = 

ao$_ = 

ao.,[^^T^T°] = (4.13) 

As a result, 

DqX^ = doX^T^ + DoX" , (4.14) 

Then, we obtain 

5 = y"dr(tr(i(DoX'^)2)+^($o)'[x„,X5]2-^er°Doe-^<i>oer[x„,0])+0ox-+aoXo"C'^)) 

(4.15) 
Because X-, C*-? ©o ^-iid Xq appear only in the last two terms, X- ^"^^ C*" can be integrated 
out and the last two terms vanishes. Therefore, the action reduces to the BFSS matrix 
theory 

S = J drtri^iDoX'^y + \[Xa,X,f - '-QT^DoQ - i0r[X,,0]) (4.16) 

by appropriate field redefinitions and a scale transformation. 

5 New Phase 

In this section, we consider $o = phase. If we integrate out X- ^''^^ Ct, we obtain 
conditions 

©0 = 
9oxS = 0. (5.1) 
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Without loss of generality, we can choose 

xl = vS""'^, (5.2) 

where v is a constant. Then, the action is rewritten as 

S = Jdrltrf liDoX^)' + J($o)'[X^ X'f + ^v'[<!>, X^f + $o^;[X^ X^] [X„, $] 

-iv{D,X%a^ -\v\a',,f\ (5.3) 

where m runs from 1 to 8. In $o = phase, we obtain 

S = Jdrl ti(^{DoX^)' + ^t;2[$, X^' - ^Or^DoG + ^veT'[<!>, 9] 

~zv{D,X%a^-^-v\a',A, (5.4) 

and constraints become 

^0$- - m'^$i = 

{Do^)^ = 0. (5.5) 

The first condition determines $_. Because the action does not depend on $_, only the 
second condition constrains the action. In v = case, we have 

S = J drtrf^iDoX'^f - '-QY^'b^oX (5.6) 

There is no constraint. Because we can take Oq = gauge, the theory is free in this phase. 
In i) 7^ case, because the coefficient of a^ is constant and there is no constraint on Oq*, we 
can integrate out it. After integration, we obtain 

5 = 1 rfrtr Q(DoX™)2 + it;2[$, X^f - '-QV^D.Q + \vQV\^, Q\\ , (5.7) 

with 

Z)o<^ = 0. (5.8) 
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We should note that the action does not depend on X^. v can be absorbed by a redefinition 
of $. 

The dynamical supertransformation reduces to 

6a° = 

6Q = (-^o^mr°™ + iv[<l>, Xm]T^^)E, (5.9) 

under which the action fl5.7p is invariant. 

Supersymmetry algebra that follows from the above transformation is given by 

(52^1 - '^1^2)S° = 
(52^1 - 51(52)$ = 

{62S1 - 6i62)X'" = 2iEiT^E2boX'^ - 2vEiT^E2[^,X'^] 
{525i - 5i52)Q = -2iE2T'^EiDoe + 2E2T^Eiv[^, 6] 

+ {iE2TmE,T^' - '-E2T^E,T"' + tE2TM,...M,E,T^'-''' 
5 - 

— -iE2TmM-i_M2MzNuEiT'^ i 2 3 4 _j_ lOzE'arogmimama-E'ir'"^"'^"^! F ) 

x(r°z)o0 + ^^r9[$,0])- (5.10) 

This algebra closes among the supertransformation, the translation and the gauge transfor- 
mation on-shell. 

This dynamical supersymmetry and kinematical supersymmetry forms algebra generated 
by 32 supercharges, which is consistent with M-theory. 

6 Conclusion and Discussion 

In this paper, we have extended the BFSS matrix theory and obtained the 3-algebra BFSS 
matrix theory. The model allows any Lie 3-algebra. It owns the same supersymmetries as 
the original theory, thus as the IMF limit of M-theory. 

As a first step to study dynamics of the extended model, we have chosen the minimal 
Lie 3-algebra that includes u{N) and studied dynamics of the model. There are exactly two 
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phases because of the constraint (13. 5p . While the model reduces to the original BFSS matrix 
theory in one phase, it reduces to the new simple supersymmetric action fl5.7p in the other 
phase. 

While we have obtained the extended model admitting any Lie 3-algebra, we have chosen 
the minimal Lie 3-algebra in this paper. In general, the extended model is not equivalent 
to the original matrix model. For example, the fifth algebra in (12. 8 p gives a non-vanishing 
potential for $„ and X^ . The extended model should own a variety of new dynamics. 
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